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The origin of non-collinear magnetic order in UO2 is studied by an ab initio dynamical-mean-
field-theory framework in conjunction with a linear-response approach for evaluating inter-site su-
perexchange interactions between U 5f2 shells. The calculated quadrupole-quadruple superexchange
interactions are found to unambiguously resolve the frustration of face-centered-cubic U sublattice
toward stabilization of the experimentally observed non-collinear 3k-magnetic order. Therefore, the
exotic 3k antiferromagnetic order in UO2 can be accounted for by a purely electronic exchange
mechanism acting in the undistorted cubic lattice structure. The quadrupolar short-range order
above magnetic ordering temperature TN is found to qualitatively differ from the long-range order
below TN .
I. INTRODUCTION
The interplay of local spin and orbital degrees of free-
dom (DOF) in strongly correlated electron systems is at
the origin of such remarkable phenomena as the multi-
ferroic behavior1, dynamical single-ion and cooperative
Jahn-Teller effects2, and colossal magnetoresistance3. In
rare-earth and actinides compounds with localized f
shells a strong spin-orbit coupling (SOC) in conjunc-
tion with the crystal-field (CF) splitting may lead to
emergence of local multipolar DOF. Intersite interac-
tions between such multipolar moments in many cases
result in their ordering; exotic multipolar-ordered (MO)
states might coexist with the usual magnetic one4. The
rich physics of the multipolar DOF in f -electron sys-
tems ranges from the quadrupole interaction mediated
superconductivity5 and quadrupolar Kondo effects6 to
phonon-mediated electric multipolar interactions and the
dynamical Jan-Teller effect. Multipolar order parameters
are invisible to conventional neutron-diffraction probes
and thus notoriously difficult to unambiguously identify
experimentally. The quantitative modeling of MO phe-
nomena also represents a significant theoretical challenge
due to a large number of multipolar DOF and a rather
small magnitude of relevant energy scales compared to
the conventional Heisenberg dipole-dipole couplings7.
The uranium dioxide is a prototypical example of the
MO in actinide magnetic insulators4,7. It has a simple
cubic fluorite structure, where U atoms occupy the fcc
sublattice (see Fig. 1). Due to its importance as a nuclear
fuel8 and chemical catalyst9 it has been thoroughly stud-
ied experimentally. UO2 undergoes a first-order phase
transition into an antiferromagnetically (AFM) ordered
state at the Ne´el temperature, TN of 30.8 K
10. This
transition is accompanied by an onset of MO11 affect-
ing both phonons and magnons dynamics4,7,12,13. Dy-
namical Jahn-Teller effects associated with a spin-lattice
quadrupolar coupling is also observed well above TN
10,12.
The magnetic structure of UO2 has been experimen-
tal and theoretical puzzle for a long time. The mag-
netic unit cell of UO2 in the AFM phase contains four
inequivalent simple cubic uranium sublattices. Then the
geometrical frustration of the U fcc sublattice results in
three distinct AFM structures shown in Fig. 1 being de-
generate in energy with respect to the usual spin-spin
anisotropic Heisenberg exchange14. These structures are
described, respectively, by a) the single propagation vec-
tor k= [0, 0, 1] (1k - collinear structure in the upper panel
of Fig. 1), b) two propagation k-vectors (2k, middle panel
of Fig. 1) with mutually perpendicular orientations of
the magnetic moments in the cubic face plane parallel
to the plane of the k-vectors and, c) three perpendicular
k-vectors (3k, lower panel) with the moments oriented
in different (111) directions14. All three AFM structures
have been observed in different cubic uranium monopnic-
tides (UX with X=N,P,As,Sb)14. The 3k structure has
been finally confirmed to be the magnetic ground state
of UO2 by neutron diffraction and nuclear magnetic res-
onance experiments10,15,16.
The mechanism leading to the stabilization of non-
collinear 3k AFM in UO2 has not been clearly identi-
fied to date. The crystal field splitting obtained in var-
ious experiments suggests that the ground state of the
U4+ ions in UO2 is a spherically symmetric Γ5 triplet
well separated from excited CF states10,17 thus the ob-
served AFM structure cannot be due to the single-ion
anisotropy. The lattice induced quadrupole-quadrupole
(QQ) coupling might explain the first-order nature of the
magnetic transition in UO2, however, it seems to favor
1k-structure rather than 3k one18,19. Hence, the 3k AFM
should be rather due to a purely electronic mechanism
with lattice distortions subsequently induced by the mag-
netic ordering18. The electronic quadrupolar superex-
change (SE) can in principle stabilize the 3k-magnetic
order in the structurally undistorted high-temperature
phase as suggested by Ref. 20. They supported this
conjuncture with a rather crude estimation of SE inter-
actions (SEI) within a semi-empirical kinetic exchange
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A reliable estimation of the QQ superexchange cou-
plings in UO2 is thus crucial to unravel the origin of
its unusual noncollinear order. The theoretical evalua-
tion of MIs by ab initio density-functional-theory (DFT)
methods have a recognized vital importance in the field
(see Refs. 21,22 for review). However, the standard DFT
framework in conjunction with local or semi-local ex-
change correlation functionals is not applicable to local-
ized U 5f states in UO2. The DFT+U method, which
was extensively employed to study UO2
23–25, is able
to capture this localization, but only in the symmetry-
broken ordered state. Pi et al.26 has recently developed
an approach for evaluating MIs based on a simultaneous
flip of multipolar moments on two sites in a MO state
described within DFT+U. Pi et al. 26,27 predicted the
spin-wave spectra of UO2 in reasonable agreement with
experiment, but their calculated SE QQ interactions are
ferromagnetic and would favor the 1k AFM magnetic or-
der instead of the 3k one.
Both the high-temperature paramagnetic phase and
ordered states of correlated f compounds can be in prin-
ciple quantitatively described by combining DFT with
the dynamical mean-field theory (DMFT)28 treatment
of localized f shells. This DFT+DMFT method29–31 has
been extensively employed to study the electronic struc-
ture of paramagnetic UO2
32,33. However, low symme-
tries, small energy scales and a vast configurational space
of MO phases render a direct application of DFT+DMFT
to the symmetry-broken phase of UO2 difficult.
In this work we first derive the ab initio electronic
structure and CF splitting of UO2 in its paramagnetic
cubic phase and then apply the linear-response post-
processing of Ref. 34 to these converged DFT+DMFT re-
sults evaluating all relevant dipole and multipole SEIs for
the CF ground state. The resulting ab initio SE Hamilto-
nian is then solved within the mean-field approximation.
We find that its most stable ordered structure is of the
non-collinear 3k type and that its stabilization originates
from a particular anisotropy of quadrupole-quadrupole
SEIs in UO2.
The paper is organized as follows: in the next section
we outline the methodology of our electronic structure
and superexchange calculations also specifying relevant
calculational parameters. The results of these calcula-
tions, namely, the ab initio superexchange Hamiltonian of
UO2 and its mean-field solution, are presented in Sec. III.
In Sec. IV we analyze the calculated superexchange in-
teractions identifying a mechanism for the stabilization
of 3k magnetic order and also study short-range order
effects in UO2 above its ordering temperature.
II. METHOD
Our self-consistent in the charge density DFT+DMFT
calculations were carried out employing the approach
of Refs. 35,36, which combines a linearized augmented
FIG. 1: 1k (upper panel) 2k (middle panel) and 3k (lower
panel) antiferromagnetic orders in the unit cell of UO2. Ura-
nium and oxygen sites are shown as large grey and small cyan
balls, respectively. The quadrupole moments on inequivalent
simple-cubic sublattices of the magnetic cell obtained by the
mean-field solution of the ab initio SE Hamiltonian, eq. (3)
and (4), at T =0 for each antiferromagnetic structure are
displayed on the right-hand side and colored to indicate the
corresponding U site in the unit cell.
planewave band structure method37 and the DMFT
implementation38,39. The spin-orbit coupling for the
UO2 Kohn-Sham band structure was included within the
standard second-variation procedure as implemented in
Ref. 37, which is expected to be sufficient for the valence
(but not semicore) states of uranium.
Wannier orbitals ωmσ representing U 5f states (where
m and σ are magnetic and spin quantum numbers, re-
spectively) were constructed from the manifold of 14
Kohn-Sham 5f -like bands located in the vicinity of the
Fermi level. The on-site repulsion between these orbitals
was specified by the Slater parameters, F0, F2, F4, and
F6. We made use of the standard approximation fixing
the ratios of F2/F4 and F2/F4 to the values obtained
in Hartree-Fock calculations for the corresponding free
ions. We employ the ratios of 1.50 and 2.02, respectively,
in good agreement with the values for actinide ions re-
ported, for example, in Ref.40. With this choice the val-
ues of F2, F4, and F6 are determined by the Hund’s rule
coupling JH
29. We used F 0 =4.5 eV and JH =0.6 eV
obtained for UO2 in recent constrained random-phase
calculations41. SEIs can exhibit a strong sensitivity to
the value of JH , hence, to verify the robustness of our
results we also performed calculations with JH = 0.7 eV
previously employed in Ref. 26.
The DMFT quantum impurity problem was solved
in the quasi-atomic Hubbard-I approximation (HIA)42,
which is expected to be reasonable for the paramag-
3netic high-T phase of the Mott insulator UO2. The
hybridization function is neglected within the HIA, and
the DMFT impurity problem is reduced to diagonaliza-
tion of the single-shell Hamiltonian Hˆat = Hˆ1el + HˆU =∑
mm′σσ′ 
σσ′
mm′f
†
mσfm′σ′ + HˆU , where fmσ (f
†
mσ) is the
creation (annihilation) operator for the U 5f orbital mσ,
HˆU is the on-site Coulomb repulsion vertex constructed
as described above and ˆ is the non-interacting level posi-
tion matrix30. In the DMFT framework ˆ obtained by a
high-frequency expansion of the bath Green’s function43
reads:
ˆ = −µ+ 〈HˆKS〉ff − ΣDC (1)
where µ is the chemical potential, 〈HˆKS〉ff =∑
k∈BZ PˆkH
k
KSPˆ
†
k is the Kohn-Sham Hamiltonian pro-
jected to the basis of 5f Wannier orbitals ωmσ and
summed over the Brillouin zone, Pˆk is the corresponding
projector between the KS and Wannier spaces35,39, ΣDC
is the double counting correction term. As the spin-orbit
coupling is included in the Kohn-Sham states it natu-
rally appears in ˆ together with the crystal-field splitting.
The double-counting correction ΣDC was calculated in
the fully-localized limit44 using the atomic occupancy 43
of the U 5f2 shell.
The DFT+DMFT self-consistent calculations employ-
ing the HIA (we abbreviate this framework DFT+HIA
below) were carried out enforcing the uniform occupancy
of U 5f2 states within its ground-state multiplet (GSM)
in order to suppress the impact of DFT self-interaction
error onto the CF splitting45 and at the experimental
lattice parameter a =5.47 A˚ of UO2.
In order to evaluate dipole and quadrupole SEIs acting
between U shells in UO2 state we employed the method
of Ref.34. Namely, after having converged DFT+HIA for
the symmetry-unbroken paramagnetic state one evalu-
ates the linear response of the DFT+DMFT grand po-
tential Ω to small fluctuations of the on-site density ma-
trix on two neighboring sites R and R′ with respect to
its paramagnetic configuration. These fluctuations are
assumed to be limited to the ground-state (GS) crystal-
field (CF) level for the cases when the magnitude of SEIs
is much smaller than that of the CF splitting.
The corresponding variational derivative of the
DFT+DMFT grand potential with respect to such fluc-
tuations δ
2Ω
δραβ(R)δργδ(R′) is then identified as the matrix
element 〈αγ|V (R′ −R)|βδ〉 of SEI V (R′ −R) between
the two-site states |αγ〉 and |βδ〉. The first and sec-
ond letter in |...〉 labels a given CF state of the CF GS
level on the ion R and R′, respectively. The lowercase
Greek letters designate states within the GS CF level,
ρˆ is the density matrix for the GS CF level. The de-
pendence of V on R′ − R only is due to the transla-
tional invariance. As shown in Ref.34, δ
2Ω
δραβ(R)δργδ(R′) =
1
βTr
[
GRR′
δΣ
δργδ
GR′R
δΣ
δραβ
]
, where the variational deriva-
tive of the local self-energy Σ with respect to a given
fluctuation ραβ of the density matrix is evaluated ana-
lytically within the HIA. The inter-site Green’s function
(GF) GRR′ is obtained by a Fourier transform of the lat-
tice GF projected to the basis of correlated 5f orbitals.
III. RESULTS
We start by discussing the electronic structure and
many-electron states of U 5f shell as obtained by the
DFT+HIA method for the paramagnetic phase of UO2.
In Fig. 2 we display the calculated valence-band spec-
tral function compared to recent photoemission (PES)
and bremsstrahlung isochromat spectra (BIS) of Ref. 46.
These experimental measurements employed high photon
energies thus enhancing the relative spectral weight of 5f
features. Our calculated valence-band spectral function
is in an overall qualitative agreement with the experimen-
tal results of Ref. 46. The width of U 5f upper Hubbard
band is mostly due to multiplet effects and in agreement
with the experimental spectra, while the width of lower
Hubbard band is due to hybridization effects and under-
estimated due to well-known limitations of the Hubbard-
I approximation47. The overall splitting between upper
and lower Hubbard bands and the multiplet splitting of
excited states that are crucial to correctly capture the su-
perexchange phenomenon are quantitatively well repro-
duced by our approach.
As outlined in the Method section, the DMFT impu-
rity problem within the HIA is reduced to a single 5f
shell Hamiltonian Hˆat, its one-electron level positions
(1) includes both the spin-orbit and crystal-field effects.
The value of spin-orbit coupling parameter λ =0.235 eV
extracted from our converged ˆ is in agreement with
Hartree-Fock calculations for free U ion48. It is ex-
pected that λ being an essentially intra-atomic quan-
tity is not significantly affected by the solid-state en-
vironment. By diagonalizing Hˆat we obtained the
3H4
ground-state multiplet (GSM) of U 5f2 shell with the Γ5
triplet being the CF ground state; the exited doublet Γ3,
FIG. 2: The DFT+DMFT spectral function of UO2 within
the Hubbard-I approximation. The black, red, and green lines
are the total, partial U 5f and O 2p spectral functions, re-
spectively. The experimental emission and bremsstrahlung
isochromat spectra of Ref.46 are displayed by blue circles.
4triplet Γ4, and singlet Γ1 predicted to be 193, 197, and
207 meV higher in energy, respectively. Our theoretical
CF splitting is thus in good agreement with experimen-
tal measurements17 that found the splitting of 150 to
180 meV meV between the Γ5 ground state and densely-
spaced exited CF levels, as well as with previous DMFT
calculations of Ref.32. This CF splitting is much higher
than TN of UO2, hence, the impact of exited multiplets
on the magnetic order can be neglected.
The calculated Γ5 eigenstates in the |J ;mJ〉 basis
|1〉 =0.908|4; +3〉 − 0.343|4;−1〉 − 0.032|5;−5〉 (2)
|0〉 =0.686|4; +2〉 − 0.686|4;−2〉 − 0.033|5;−2〉
− 0.033|5; +2〉
| − 1〉 =− 0.908|4;−3〉+ 0.343|4; +1〉 − 0.032|5; +5〉
feature a small admixture of high-energy multiplets.
We calculated the SEIs between the Γ5 states (2) by
the approach of Ref.34 outlined in the method section.
There are in total 34 = 81 SEIs 〈αγ|V (R′ −R)|βδ〉 for
each U-U bond. We have subsequently transformed these
interactions to more conventional SE couplings between
the spherical tensor dipole and quarupole moments. The
Γ5 triplet (effective angular momentum J˜ = 1) can
support both dipole and quadrupole moments60. The
SEIs between those moments were obtained using the
transformation
∑
αβγδ〈βδ|V (R′ − R)|αγ〉OLMαβ OL
′M ′
γδ =
V LL
′
MM ′(R
′ − R), where OLMαβ is the αβ matrix element
of the real spherical tensor for the effective angular mo-
mentum J˜ = 14,34 of the rank L = 1 (dipole) or 2
(quadrupole) and projection M . V LL
′
MM ′(R
′ − R) is the
resulting SEI between the multipoles LM and L′M ′ lo-
cated at the sites R and R′, respectively.
Thus calculated SE Hamiltonian for the nearest-
neighbor (NN) U-U bond R′ −R = [1/2, 1/2, 0] is of the
form HSE = HDD +HQQ, where the dipole-dipole (DD)
and QQ contributions (in the global coordinate system)
read
HDD = V
∑
M=x,y
OˆMR Oˆ
M
R′ + V
′OˆzROˆ
z
R′ (3)
+ Vx,y[Oˆ
x
ROˆ
y
R′ + Oˆ
y
ROˆ
x
R′ ],
HQQ =
∑
M∈t2g,eg
V qM Oˆ
M
R Oˆ
M
R′ + V
q
xz,yz[Oˆ
xz
R Oˆ
yz
R′ + Oˆ
yz
R Oˆ
xz
R′ ].
(4)
The number of independent SE couplings is seen to be
significantly reduced due to the cubic symmetry of the
problem. Hence, for brevity we omit the rank L in the
real tensors, as the projection M is sufficient to identify
them unambiguously, and suppress superfluous indices
for V . The QQ SEI are labeled by the superscript q.
SE Hamilonians for other NN bonds are easily obtained
from (3) and (4) by symmetry. Our choice for the spheri-
cal tensors representing the dipole and quadrupole DOFs
of the Γ5 triplet is in agreement with Refs.
26,27, how-
ever, following Santini et al.4we employ Oˆ to denote real
TABLE I: Calculated U-U nearest-neighbor interactions for
the [1/2,1/2,0] bond (meV) as a function of the Hund’s rule
coupling JH .
JH (eV) V V
′ Vx,y V qxy V
q
xz(yz) V
q
x2−y2 V
q
z2
V qxz,yz
0.6 1.42 3.85 -0.67 0.18 0.01 -0.16 0.14 0.04
0.7 1.39 3.73 -0.69 0.20 0.01 -0.18 0.17 0.04
FIG. 3: a. The expectation values of dipole and t2g
quadrupole tensors as a function of temperature. A phase
transition at T =56 K is clearly seen. b. The mean-field
magnetic energy Emag at zero temperature as a function of
the anisotropy parameter r of the QQ SE, see text.
spherical tensors instead of Tˆ in Refs.26,27. The operator
notation is also employed in the literature7,20,49 for the
low-energy Hamiltonian of UO2. SEIs in the operator for-
malism are related to the tensor SEIs in (4) by a simple
renormalization that we specify in Appendix A. The in-
teractions of next-nearest neighbors (NNN) are an order
of magnitude smaller and induce no qualitative changes,
they are listed in Appendix B. More distant SEIs are
negligible. The calculated NN SEIs for two values of JH
are listed in Table I. One may see that the variation in
JH has a rather insignificant impact on the SEIs. Un-
less explicitly mentioned otherwise, we use the SEIs for
JH =0.6 eV in all calculations below.
We have subsequently solved the calculated ab initio
SE Hamiltonian including NN and NNN coulings within
the mean-field approximation (MFA) implemented in
Ref. 50. We considered three structures shown in Fig. 1
as well as all single-k magnetic structures realizable
within the 4×4×4 fcc supercell. A clear phase transi-
tion is observed in the evolution of specific heat at about
TN =56 K (with only NN SEIs TN = 60 K) accompanied
by appearance of a non-zero on-site dipole moment ori-
ented along the 〈111〉 direction and quadrupole moments
of the t2g irreducible representation (IREP) as shown in
Fig. 3a61. The obtained magnetic and quadrupole orders
correspond to the 3k-structure plotted the lower panel
of Fig. 1, which is the experimental ordered structure of
UO2. Predicted TN is substantially higher than the ex-
perimental first-order transition temperature of 30.8 K.
A large overestimation of TN in the MFA is expected for
the fcc lattice due to its geometric frustration51,52.
5IV. ANALYSIS AND DISCUSSION
Let us now analyze the calculated SEIs in order to
identify the origin of 3k-structure stabilization with re-
spect to the competing 1k and 2k ones. The DD interac-
tions are antiferromagnetic and very asymmetric. With
J ′ < J < 0 all three AFM structures shown in Fig. 1
become degenerated with respect to HDD (3) having the
same ordering energy Emag = −V ′ = −3.85 meV/f.u. in
the mean-field approximation18,53. The quarupole orders
shown in the rhs of Fig. 1 are obtained by solving the full
SE NN Hamiltonian for the AFM state of a given type.
With the calculated SE QQ interactions from Table I the
QQ contribution to the ground state energies is equal to
0.010, -0.047, and -0.060 meV/(f.u.) for the 1k, 2k, and
3k orders, respectively.
Therefore, we conclude that the QQ SEI are stabiliz-
ing the experimentally observed non-collinear 3k mag-
netic structure in the absence of SL mediated contribu-
tion; this order of a purely electronic origin and would
subsequently results in the Jahn-Teller distortion. The
SL QQ coupling, however, might be essential for the full
description of the relative stability of ordered magnetic
structures as well as for the spin dynamics in UO2
7,49.
In Table II we compare our results to previous theo-
retical and experimental estimates of SEIs in UO2. Our
DD SE is very close to the fit of experimental spin-waves
spectra of Ref.7, however, our QQ SEIs are much smaller.
The qualitative difference with the DFT+U results27 is
in the sign of the QQ interactions. The negative sign
predicted in Ref.27 would stabilize 1k-order having NN
〈OˆMR OˆMR′〉 = 0 for all M belonging to the t2g IREP (xy,
xz, yz). AF t2g SEIs favor the 3k-structure because
of a larger angle between ordered quadrupoles in this
case as compared to the 2k-structure, where one third
of NN pairs have parallel quadrupole moments and the
1k-structure, where all quadrupole moments are parallel
(see Fig. 1).
The magnitude of SEIs acting between the eg
quadrupoles has not been evaluated in Ref.27 neither
can it be estimated from the spin-wave dispersion, as
TABLE II: Comparison of the SEI calculated in the present
work with previous DFT+U calculations of Ref.27, and the
values of Ref.7 from a fit of the experimental spin-wave spec-
tra . Following Refs.7,27 we define the isotropic part of DD
and QQ SEIs as V ′ and V qxy, respectively. and the corre-
sponding dimensionless anisotropy parameters δd/q defined
as δd = V/V ′ and δq = V qyz/V
q
xy, respectively. Refs.
7,27 esti-
mated only the SEI relevant for the 3k-structure, thus only
those four parameters are available for comparison (Note that
Ref.7 assumed δq = δd).
V ′ δd V qxy δ
q
This work 3.85 0.37 0.18 0.22
Ref.7 3.1 0.25 1.9 0.25
Ref.27 1.70 0.3 -3.10 0.9
〈OˆMR OˆMR′〉 = 0 for M = z2 and x2− y2 in the experimen-
tal 3k AFM structure. However, the contribution of eg
SEIs is non-zero for the 1k and 2k competing orders thus
impacting the relative stability of magnetic structures.
In order to further clarify the impact of QQ SEIs on
the relative stability of these three structures one may
evaluate their single-site mean-field Hamiltonian in a lo-
cal coordinate frame49, in which the on-site dipole mo-
ment is parallel to the local z axis. In such a frame only
the z2 quadrupole is active, while other local quadrupole
moments are zero thus simplifying the analysis (see Ap-
pendix A for the definition of quadrupole moments in
terms of spin operators). The mean-field Hamiltonian
reads HˆMF = Hˆ
MF
DD + Hˆ
MF
QQ , where the dipole-dipole
contribution HˆDD = −4V ′〈Oˆzl 〉Oˆzl is the same for all
three structures. Oˆzl is the z projection of the dipole
tensor operator in the local frame, its expectation value
〈Oˆzl 〉 = 1/
√
2 at the full saturation.
The QQ term HˆMFQQ reads VQQ〈Oˆz
2
l 〉Oˆz
2
l , where the
quadrupole operator Oˆz
2
l is defined in the local frame in
the same way as the dipole one. The mean-field QQ
coupling VQQ is equal to 6V
q
eg , (
3
8
√
2
+ 98 )V
q
eg − 3V qxy,
and −4V qxy for the 1k, 2k, and 3k orders, respectively.
Here we designate as V qeg = V
q
z2 + V
q
x2−y2 the summed
diagonal SEI between eg quadrupoles . One sees that
the relative stability of the structures is determined by
the relative magnitudes of V qeg and the in-plain coupling
between t2g quadrupoles V
q
xy. In particular, the oppo-
site signs of our calculated V qz2 and V
q
x2−y2 result in the
magnitude of V qeg =-0.02 meV that is much smaller than
V qxy =0.18 meV. While V
q
eg is negative and does help sta-
bilizing 1k and 2k structures, its contribution is over-
weighted by a larger prefactor for V qxy in the case of 3k.
Therefore, it is the particular anisotropy of QQ SEIs of
UO2 with a larger magnitude of positive V
q
t2g that is at
the origin of 3k-order in UO2.
From the mean-field Hamiltonian derived above one
may easily evaluate the effect of a variation in the rela-
tive value of the QQ SEIs V qeg and V
q
z2 on the ground-state
magnetic structure of UO2. One may introduce renor-
malized SEIs V qeg (1− r) and V qxy(1 + r) with r ∈ [−1 : 1].
Hence, r = 0 corresponds to the actual calculated QQ
SEIs, while at r = −1 (1) only V qeg (V qxy) are non-zero.
The resulting evolution of the mean-field ordering energy
Emag vs. r is plotted in Fig. 3 b. One finds that the 1k
is stabilized with r → −1, while the actual 3k is stabi-
lized in the opposite limit. At r ≈ −0.713 one obtains a
transition between the 1k and 3k orders. Interestingly,
the 2k structure is unstable relative to the 1k order for
r < −0.707 and relative to the 3k one for r > −0.732,
meaning that over the whole range of r the ground state
is never of the 2k type.
The phase transition in UO2 is of the first order
and dynamical Jahn-Teller effects are also observed well
above TN
10,12 hinting at a non-negligible short-range or-
der (SRO) present in UO2. We have analyzed SRO ef-
6FIG. 4: The dipole-dipole and quadrupole-quadrupole
nearest-neighbor pair correlation functions above TN . The
quadrupole-quadrupole pair correlation functions are multi-
plied by 10.
fects above the Ne´el temperature using an Oguchi-like
method54. To this end we diagonalized the ab initio SE
Hamiltonian, eqs. (3) and (4), with the SEIs from Ta-
ble I, for each NN pair of U ions. We then calculated
the DD and QQ pair correlation functions 〈OˆMR OˆM
′
R′ 〉
by averaging them over all NN bonds. The calculated
NN pair correlation functions vs. T/TN are shown in
Fig. 4. Strong dipole SRO effects are clearly observed
well above Ne´el temperature as expected for the frus-
trated fcc lattice55. The dominating AFM dipole SRO
forces a ferroquadrupole SRO for both the t2g and eg
quadrupoles for T > TN as one sees in Fig. 4. The
constrain of anti-parallel orientation of the neighboring
dipole moments is lifted in the ordered state by the AFM
frustration. The t2g quarupole order is then antiferro due
to the corresponding sign of QQ SEIs, while the eg pair
correlation functions are zero. Hence, the structure of
QQ pair correlation function below and above the phase
transition is qualitatively different. This observation has
two important consequences. First, a SRO that is op-
posite to the corresponding pair correlation function in
the ordered state is associated with a first-order magnetic
phase transition56–58. This hints at a purely electronic
SE mechanism for the observed first-order type of mag-
netic transition in UO2. Second, the dynamical Jahn-
Teller distortions above TN might be quite different from
the static one in the AFM phase. The last prediction can
be possibly verified in future experimental studies.
V. CONCLUSIONS
In conclusion, our calculations point out at the
anisotropy of quadrupole superexchange as a likely ori-
gin of non-collinear 3k antiferromagnetic order in UO2
and the first-order type of the corresponding Ne´el transi-
tion. The present ab initio approach seems to be highly
promising for studies of other localized f -electron sys-
tems featuring complex unexplained magnetic or ”hid-
den” orders and local multipole degrees of freedom.
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Appendix A: Superexchange in spherical-tensor and
angular-moment-operator formalisms
In the present work we represent the dipole and
quadrupole DOF of the Γ5 triplet by the real-valued
spherical tensors4,59 Oˆ similarly to Refs. 26,27. Some
authors7,20,49 employ instead the conventional angular-
moment and quadrupole operators. The SEIs defined in
the two formalisms are related to each other by simple
prefactors. Namely, for the effective angular momentum
J˜ = 1 the dipole spherical tensors OˆM = SˆM/
√
2, where
SˆM is the angular-moment operator for the same projec-
tion M = x, y, or z, see Ref. 59. Hence, one sees that
the dipole-dipole SEIs in the angular-momentum formal-
ism JMM ′ are related to our spherical-tensor ones by the
prefactor 1/2, JMM ′ ≡ VMM ′/2.
The quadrupole spherical tensors for J˜ = 1 can be
expressed as products of dipole ones:
Oˆxy = −
√
2
(
OˆxOˆy + OˆyOˆx
)
Oˆxz =
√
2
(
OˆxOˆz + OˆzOˆx
)
Oˆyz =
√
2
(
OˆyOˆz + OˆzOˆx
)
Oˆz
2
=
√
2/3
(
3
(
Oˆz
)2
− 1
)
Oˆx
2−y2 =
√
2
(
OˆxOˆx − OˆyOˆy
)
.
(A1)
They are converted to the corresponding quadrupole op-
erators employed by Refs. 7,20,49 by multiplying them by√
6 for z2 and
√
2 for all other projections. Hence, the
corresponding conversion factors between the spherical-
tensors QQ SEIs V qM (Tables I and III) and QQ interac-
tions KM in Refs. 7,20,49 are 1/6 for the SEI coupling
M = z2, Kz2 ≡ Vz2/6, and 1/2 for all other V qM .
The ordered states analyzed in this paper are specified
by the following expectation values of the dipole tensors:
1k structure:
〈OˆRx 〉 =
ei2piRy√
2
; 〈OˆRy 〉 = 0; 〈OˆRz 〉 = 0, (A2)
2k structure:
〈OˆRx 〉 =
ei2piRz
2
; 〈OˆRy 〉 = 0; 〈OˆRz 〉 =
ei2piRy
2
, (A3)
73k structure:
〈OˆRx 〉 =
ei2piRz√
6
; 〈OˆRy 〉 =
ei2piRx√
6
; 〈OˆRz 〉 =
ei2piRy√
6
, (A4)
where R is the lattice vector in units of the lattice pa-
rameter a.
Appendix B: Next-nearest-neighbors superexchange
interactions in UO2
The calculated SE Hamiltonian for the next-nearest-
neighbor bond [001] HNNNSE = H
NNN
DD +H
NNN
QQ reads
HNNNDD = V
∑
M=x,y
OˆMR Oˆ
M
R′ + V
′OˆzROˆ
z
R′ (B1)
HNNNQQ =
∑
M∈t2g,eg
V qM Oˆ
M
R Oˆ
M
R′ (B2)
where the dipole-dipole (DD) and QQ contributions take
a simpler form compared to the nearest-neighbor SE
Hamiltonian (eqs. 2 and 3 of the main text) due to the
absence of off-diagonal terms. The SE Hamiltonains for
other NNN bonds are obtained from that for [001] by
the corresponding rotations, that amounts in the case of
HNNNDD to permutations of the x, y and z labels. The
L = 2 tensors in HNNNQQ transform upon these rotations
like the corresponding l = 2 real spherical harmonics.
The calculated values of the NNN SEIs are listed in
Table III. By comparing it with Table I of the main text
one sees that the NNN SEIs are about one order of mag-
nitude smaller compared to the NN ones.
TABLE III: Calculated U-U next-nearest-neighbor interac-
tions for the [0,0,1] bond (meV) for JH = 0.6 eV .
V V ′ V qxy V
q
xz(yz) V
q
x2−y2 V
q
z2
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